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Abstract. This paperassumesa searchspaceof fixed-lengthstrings,wherethe
sizeof the alphabetcanvary from position to position.Structuralcrossover is
mask-based crossover, andthus includes � -point anduniform crossover. Struc-
tural mutationis mutationthat commuteswith a groupoperationon the search
space.This papershows thatstructuralcrossover andmutationprojectnaturally
ontocompeting familiesof schemata.In otherwords,theeffect of crossover and
mutationon a setof string positionscanbe specifiedby considering only what
happensat thosepositionsandignoringotherpositions.However, it is not possi-
ble to do this for proportional selectionexceptwhenfitnessis constanton each
schemaof thefamily. Onecanwrite down anequationwhich includesselection
which generalizestheHollandSchematheorem.However, like theSchemathe-
orem,this equationcannotbe appliedover multiple time stepswithout keeping
trackof thefrequency of every stringin thesearchspace.

1 Intr oduction

This paper describesthe remarkable propertiesof structuralcrossover and mutation
with respectto familiesof competing schemata.Recall that a schemadefinescertain
componentsastakingonfixedvalues,while theremaining componentsarefreeto vary.
Two schemataarein the samefamily if they specifyfixed valuesfor the samesetof
components.They arecompeting if they specifydifferentvaluesat thesecomponents.
Givena setof components,thesetof all possiblefixedvaluesthatcanbeassignedto
themgives usa wholecompeting family of schemata.

[VoseandWright, 2001] showedthateachschemacorrespondsto a vector in pop-
ulation space.Theseschemavectors make up the componentsof a generalized(and
redundant) coordinate systemfor population space.As the geneticalgorithmmoves
from point to point in population space,it might besaidto “process” schematain the
sensethateachpointin populationspacedeterminesthefrequency of eachschema.This
processingof many schematahastraditionally beencalled“implicit parallelism”.How-
ever, the componentscorresponding to nontrivial schematafamiliesarenot indepen-
dentlyprocessedandthusany implicationthat thegeneticalgorithmgainsprocessing
leverage dueto theprocessingof schematais misguided.

The setof componentscorrespondingto a competing family of schematamay be
pickedout by a binarymask,andwe canview sucha maskasbeinga projection onto



a smallersearchspace(in which we ignorewhathappensat theotherpositions).The
remarkableresult that we will prove is that structuralcrossover andmutationproject
naturallyonto thesefamilies.That is, we canspecifythe effect of crossover andmu-
tation just on thesetof positions under consideration,ignoring whathappens at other
positions.Becausethis resultappliesto all schematafamiliessimultaneously, wedubit
the“Implicit ParallelismTheorem”. In doingso,we hopeto eradicatethepreviousus-
ageof thisphrase(whichdidnotapplyto atheorematall, but to afundamentalmistake)
andrescueit for a more suitableusage.

The result that operators project naturally onto schematafamiliesappliesonly to
crossoverandmutation. It wouldbeniceif it alsoapplied to selection,andthispossibil-
ity is investigated.Theconclusion, however, is that it cannot (exceptin thetrivial case
wherefitnessis a constantfor eachschemain a schemafamily). Onecan,of course,
write down an equation which involvesselection,aswell ascrossover andmutation.
This equationis, in fact,moreelegant andmeaningful thanHolland’s original Schema
Theorem,but it suffersfrom thesamefundamentalflaw. In order to computetheaver-
agefitnessof a schemaat a givengeneration, oneneedsto know all thedetailsof the
entirepopulationat thatgeneration.It is thereforeimpossibleto projectontoaschemata
family andignorewhathappensat theothercomponents.Oneimplicationof this is that
onecannotiteratetheequation: like theSchemaTheorem,it canbeappliedover more
thanonetime-steponly by keepingtrackof thefrequency of every stringin thesearch
space.

2 Structural search spacesand operators

We generalize[Vose,1999] by introducing a classof geneticoperatorsassociatedwith
a certainsubgroup structure (for moredetails,see[Roweet al., 2002]). Supposethe
searchspaceformsa group

�	��

���
whichhasnontrivial subgroups ��� 
�������
 ����� � such

thatfor all � 
���
 � ,

1.
�"! �#� �$�����%� ����� �

2. ��&!'�(!*) �,+.-/�10 !32%465
3.

��� � + ! � + �7�
Then

�
is the internal direct sumof the �8+ (which arenormal subgroupsof

�
) and

eachelement
�:9;�

hasa uniquerepresentation
�<!=� � �=�����>�'� �?� � where

� + 9 �#+ .
Themap �/@A.BDCE� � 
�������
 � �?� ��F
isanisomorphismbetween

�
andtheproductgroup �G�IH ����� HJ�1�?� � (see[Lang, 1993]),

where CE� � 
�������
 � �?� � F �=CEK � 
�������
�K ��� � F !(CE� � �;K � 
�������
�� �?� � �7K �?� � F
and L CE� � 
�������
 � �?� ��F !MC L � � 
�������
 L � �?� ��F
(where

L
indicatesthe inverseof an element).In this casethe searchspaceis called

structural. Assumefor the remainder of this paperthat
�

is structural,and identify�N9:�
with

CO� � 
�������
 � ��� � F .



As anexample,consideralengthP stringrepresentationwherethecardinality of the
alphabet at stringposition

�
is Q 0 . Thealphabetat position

�
canbeidentifiedwith R�S�T

(the integers modulo Q 0 ), andthe
�

operator canbecomponentwiseaddition(moduloQ?0 at position
�
). Then

�
is isomorphic to thedirectproduct R SVU H ����� HWR S�XVY[Z . This

example extends the situationconsidered in [Koehleret al., 1997] where Q � ! Q � !\�\�\ ! Q �?� � . The standardexample of fixed-lengthbinary stringsis a specialcasein
which Q]0 !=^

for all positions
�
.

A concreteexampleof theabove is: P !(^
, Q � !3_

, Q � !M^
, so

�
is isomorphic toR � H`R � . Whenwe write elementsof

�
asstrings,thestandard practiceof putting the

leastsignificantbit to theright is followed. Thus,�a!"2>4b4c
�46d�
�d%46
�d�db

^e46

^fdg5h!"2%46
�db

^f
�_c
 i.
?jk5
Thegroup operatorworksby applying additionmodulo3 to the left bit, andaddition
modulo 2 to theright bit. For example^fdh�$dbd#!$4�4
Theelement

4b4
is theidentity.

Theset l of binarymaskscorrespondingto
�

isl !"2[Cnm � 
�������
?m �?� � Fpo m + 9 R � 5
where R � is the set of integers modulo

^
. Note that l is an Abelian group under

component-wiseadditionmodulo2. It is notationally convenient to let
�

alsodenote
the group operation on l ; hence

�
is polymorphic.4 Let q denotecomponent-wise

multiplication on l , andlet r 9 l betheidentityelementfor q . For
m#9 l , define sm bys mt! r �um

It is notationally convenientto extend q to acommutativeoperatoractingalsobetween
elements

m,9 l andelements
�N9:�

byCnm � 
�������
?m �?� � F q CO� � 
�������
 � ��� � F !(Cnm � � � 
�������

m �?� � � ��� � F
where

4b� + !M4`9v�
and

d�� + !M� + 9w�
. Heretheright handsidesareelementsof

�
;

henceq is polymorphic.
It is easyto checkthatfor all

�x
 K�9:�
and y 
�z{9 l�/!$� q$rr ! y � sy48! y � y48! y|q sy�O���7Kf� q;y !(�E� q;y �*�$�OK q7y ��E� q7y �*�$�OK q sy �J!(�EK q sy �}�=�E� q7y ��E� q7y � q z~!$� q � y~q zf�L � y�q ���J! y|q � L �I�

4 An operatoris polymorphic whenits definitiondependsuponthetypeof its arguments.



To simplify notation, q takesprecedenceover
�

by convention.If
m,9 l is amaskthen� m

denotesthenumber of onesit contains.
Let � beaprobability distribution over thesetof binarymasks,��� !

theprobability of mask
m

Structural crossover with distribution � applied to parents y and
z

corresponds to
choosingbinary mask

m
with probability � � andthenproducingtheoffspring y�q m��sm q z

. Theprobability thatparentsy 
�z�9��
havechild � is therefore� � y 
 z�
 � �J!��� �b� � �%� y�q m~� sm q z�! �[�

Thecorresponding crossoverscheme� is alsocalledstructural andsatisfies� ��������! � � � � � � � � ��	�b� ���}�7�}��^ � y~q m~� sm q z�! �k�
where

�39a�1� ���
is a distribution over the searchspace

�
. That is,

�
is a population

vector in which
�*�

is the proportion of the population madeup of copiesof element� . � ���I�
givestheexpecteddistribution aftertheapplication of crossover. For example,

for uniform crossover with crossover rate y , theprobability distribution � is given by� � !Md1A y � y*� ^ � and ��� ! y*� ^ � for
m &!=4

.
Let � bea probability distribution over

�
,� � !

theprobability of �
Structural mutationwith distribution � appliedto

z¡9(�
correspondsto choosing �

with probability � �
andthenproducingtheresult

z,� � . Theprobability that
z

mutates
to y is therefore ¢ � � � ! �}£ ��¤ �
Thecorrespondingmutationscheme¥ is alsocalledstructural.¥ ���I� ! ¢ �

givesthe
effectof applying mutationto populationvector

�<9`��� �I�
.

3 Masks asprojections

This sectiongeneralizes[VoseandWright, 2001]. Assume
�

is structural, crossover is
structural,andmutation is structural. Eachbinary mask

m
hasassociatedsubgroup� � !$m q �

Themap �/@A.B¦m q �
is a homomorphismfrom

�
to

� � since
m q �O���vK6�$!§m q �$�¨m q K

. Thekernel
is thenormalsubgroup

� � � , and,therefore,thefollowing mapfrom theimage
� � to the

quotient group
� � � � � is anisomorphism[Lang, 1993],© ! © q m1@ A.Bª� � � � ©



Thequotientgroup
� � � � � !a2[� � � � © o © 9�� � 5 , beingcomprisedof disjointschemata,

is referredto astheschemafamily corresponding to
m
, andschema

� � � � © is referred
to astheschemacorresponding to © 9�� � .

For
m#9 l , define« � as« � !­¬��<9<� � ��®
� o � �|¯ 4c
 � � � !3df°

Thelinearoperator ± � o �t� �²�xA�B³�t� ��®e�
with matrix� ± � � + � 0 ! � � q m1! ���

is calledtheoperator associatedwith theschemafamilycorresponding to
m
; it hasrows

indexed by elementsof
� � andcolumns indexed by

�
. Notice that ± � � « ��´ « � . To

simplify notation, we will refersimply to ± whenthebinary mask
m

is understood.
For theexampleof thefixedlengthstringrepresentationwhere

�
is isomorphic toR � H/R � , for

m1!3d%4
, ± � � !¶µ· d�d�4 4 4�44�4~d d�4�44�4 4 4~d�d ¸¹

andfor
m1!=46d

, ± � � !»º dt4~d�4~d144|d�4~d�4�d�¼
Notethat � + � ± �I� + !»�+ � ��® � 0 � � q mt! �
� � 0!a� 0 � 0 �+ � �I® � � q m1! �
�!a� 0 � 0

Henceif
�=9 « is a probability vector, then ± �$9 « � is a probability vector. As the

following computationshows,the � th componentof ± �
is simply theproportionof the

population
�

which is containedin theschema
� � � � � whichcorrespondsto � 9�� � ,� ± ��� + !�� 0 � � q m1! �
� � 0!�� 0 � � q'sm²�W� q mt!u� q'sm²� �
� � 0!�� 0 � �|!u� q sm²� �
� � 0½ � 0 � ��9�� � � � �
� � 0



Conversely, given � 9¾� � ,� 0 � ��9�� � � � �
� � 0 ½ � 0 � m q ��9<m q � � � �um q'�
� � 0!a� 0 � � q m1! �
� � 0
The matrix ± therefore projects from the distribution over all possiblestringsto

a distribution over a family of competing schemata.For example, using traditional
schemanotation, we couldwrite:± � � ��� �?� 
n� � � 
n� � � 
O� ��� 
O� � � 
O� �]� �h!3��� �.¿ 
n� � ¿ 
O� � ¿ �
and ±�� � ��� ��� 
O� � � 
n� � � 
n� �?� 
O� � � 
O� �
� �À!M��� ¿�� 
O� ¿ � �

Let l � !=m q`l . It is notationally convenientto make ± � polymorphic by extending
it to alsorepresentthelinearmap ± � o �t� � �}A.B¦�p� � ®g� with matrix� ± � � + � 0 ! � � q mt! �
�
Heretherowsareindexedby elements of l � andcolumns areindexedby l . Again, we
will dropthesubscriptandrefersimply to ± whenthemaskis understood.

For theexampleof thefixedlengthstringrepresentationwhere
�

is isomorphic toR � H/R � , thesetof masksis l !"2%4�46
�4cdb
�d�46
�dbdb5
. For

m1!Md�4
,± � � !¦º d d14 44 4�d dc¼ 


andfor
m1!=46d

, ± � � ! º d�4�d�44~d14~d ¼ �
Notethat � + � ± ��� + ! �+ �b� ® � 0 � � q mt! �
� � 0!a� 0 � 0 �+ �b� ® � � q m1! �
�! � 0 � 0

Henceif
�N9`� � � �

is aprobability vector, then ± �<9<� � � ®g� is a probability vector.

4 The implicit parallelism theorem

Giventhat
�a! �,� � \�\�\ � ����� � is structural,

� � is alsostructural,� � ! � � U � \�\�\ � � �]Á ® Y[Z



where
2 ��� 
�������
 �[Â � � � 5`!Ã2 � o m + !Äde5

. Moreover, « � is preciselythe « previously
definedascorresponding to the searchspace,if the searchspaceis chosento be

� � .
Likewise, l � is preciselythe l previouslydefinedascorresponding to thesearchspace,
if thesearchspaceis chosento be

� � . Therefore,since± � and ±8� areprobability vec-
torsindexedby l � and

� � (respectively), they havecorresponding structuralcrossover
andmutationschemes� � and ¥ � which representcrossover andmutationon thestate
space« � .
Theorem1. If Å ! ¥vÆJ� , then ±8Å �O���J! ¥ � ÆJ� � � ± ���
Proof Let Å � ! ¥ � ÆJ� � . The � th componentof ±|Å �E���

is��]Ç � � ® ¤ � Å �E��� �]Ç ! ��]Ç � � ® Å �E��� � ¤ ��Ç
! �� � � � ��® �� Ç � � Ç � � ® � � ¤ � Ç � ��¤*� Ç �� Ç � � ®[È � ¤ � Ç £ � £ �]Ç � ��¤*� Ç £ � £ �]Ç
! �� � � � ��® �� Ç � � ® � � ¤ � ¤ � Ç �� Ç � � ® � ��¤ � ¤*� Ç ��]Ç � � ® È � £ �]Ç � ��¤*� Ç £ � Ç £ �]Ç

Theinnermostsumabove is��]Ç � � ® �+ � ��® �+ Ç � � ® �0 �b� ® �0 Ç ��É*� ® � + ¤ + Ç � 0 ¤ 0 Ç �7� 0 ¤ 0 Ç^
� � � � �ËÊ �}�=� y L �fÊ � q �Ì���:� Ê �x�$� ���:� Ê � q �Ez �;z Ê L yIÊ L �6Ê �À!=4 �

Notethattheindicator functionabove is equivalentto� � Ê L � Ê q � Ê �=� mÀ�:� Ê � q �Oz Ê L y Ê L � Ê �À!$4 � � � � y�q ���=�nm²�W�k� q z�!=4 �
Thefirst factoraboveis equivalent to � � Ê �/� mb��� Ê � q �Ez Ê L y Ê �À! � Ê � whichdetermines� Ê .
This is mosteasilyseenby choosingthesearchspaceto be

� � � , in which casethefirst
factoris anexpressionover thesearchspaceandits binary masks,and

m
is theidentity

elementfor q ; in thatcontext
� mÀ�:� Ê � is s� Ê andthefirst factorbecomes� �ËÊ L �6Ê[q � Ê � s� Ê q �Ez Ê L yIÊ L �fÊ �À!=4 �! � � Ê L � Ê q � Ê � s� Ê q �Ez Ê L y Ê � L s� Ê qu� Ê !=4 �! � �ËÊ � s� Ê q �Oz Ê L yIÊ � L �fÊ[q � Ê L s� Ê qu�fÊ !=4 �! � � Ê � s� Ê q �Oz Ê L y Ê � L � Ê !$4 �! � � Ê � s� Ê q �Oz Ê L y Ê �À! � Ê �

It follows thatthesumabove is�+ � ��® �0 �b� ® � � � y�q ���=�nm²�W�k� q z�!=4 � �+ Ç � � ® �*+ ¤ + Ç �0 Ç ��É}� ® � 0 ¤ 0 Ç �7� 0 ¤ 0 Ç^
!»�+ � ��® �0 �b� ® � � � y�q ���=�nm²�W�k� q z�!=4 � � ±8� � + � ± � � 0 � � ± � � 0^!(� È � � � � �



WhereÈ � is themixing matrix for Å � . Therefore,theThe � th componentof ±|Å �E�I�
is �� � � � �I® � È � � � � � �� Ç � � ® � � ¤ � ¤ � Ç �� Ç � � ® � ��¤ � ¤}� Ç! �� � � � �I® � È � � � � � � ± ��� � ¤ �6� ± �I� ��¤ �! Å � � ± �I� �Í
Corollary 1 (Implicit Parallelism).Å ! ¥¡ÆJ� !*) ±|Å ! Å � Æt± where Å � ! ¥ � ÆJ� �Å ! �{Æ�¥ !*) ±|Å ! Å � Æt± where Å � ! � � Æ�¥ �
In particular, ±,¥ ! ¥ � Æt± and ± � ! � � Æt± .

Proof Thefirst implication is theorem1. A specialcaseis � !MÎ
, in which casethe

conclusionis ±�¥ �E�I�J! ¥ � � ± �I�
Another specialcaseis ¥ !'Î

, in whichcasetheconclusionis±Ï� �E���À! � � � ± �I�
Consequently, ±Ï��Æ�¥ ! � � Æt±aÆ�¥ ! � � Æ�¥ � Æt±Í

Corollary 1 speaksto schematathrough theisomorphism
� �JÐ! � � � � � given by�`@A.Bª� � � �7�

Therefore, Å � represents mixing (i.e., crossover andmutation) on a searchspaceof
schemata(i.e., theschemafamily

� � � � � ).
A consequenceof corollary 1 is that, independentof the orderof crossover and

mutation, the following commutative diagram holds, in parallel, for every choice of
schemafamily, simultaneously �ªA�A6A.A6A6A6A6AEB Å �O���

±"ÑÑÑÒ ÑÑÑÒ ±± �<A�A6A.A6A6A6A6AEB Å � � ± ���
Becausethis resultdoesspeakto parallelismandschemata—subjectswhich implicit
parallelismhasclassicallydealtwith—Vose(1999) hasredefined thephrase“implicit



parallelism”to refer to it.5 This useof the term conflictswith that employed by GA
practitioners(for example in [Holland,1975,Goldberg, 1989]). To theextent “implicit
parallelism”hastraditionally indicatedthatsomekind of “processingleverage” is en-
joyedby GAs,traditionalusagehasbeenmisguided; geneticalgorithmsexhibit nosuch
behaviour, norcanthetheorems of Hollandestablishsucharesult.Becausecorollary1
doesaddressexactly what happens within all schemafamilies,in parallel,simultane-
ously, it is proposedasanappropriatealternative to takeover the“Implicit Parallelism”
label,in thehopethatthemisguidedandincorrect traditionalnotionbeeradicated.

Example

Let us consider the implicit parallelismof mutationon the example
�³! R � H¾R � .

Firstly, let usdefineourmutationoperator by theprobability distribution:

� 0 !ÔÓ 4c� Õ
if

��!¡4b44c� 4[^
otherwise

Thatis, thereis aprobability of 0.9thatnomutationwill takeplace.Otherwise,wepick
anelement

�;9��
at random (uniformly) andapply it to our current individual. Now

supposethatwe areinterestedin whathappensin thefirst component.That is, we are
concernedwith theeffectof mutation onthefamilyof schemata

4hÖf
�d�Öf
?^JÖ
.Onewayto

calculatethis wouldbeto work out theeffect of mutation on thewholepopulation and
thensumuptheresultsfor eachschemain thefamily. Theimplicit parallelismtheorem
tells usthatwe don’t needto do this. Instead,we canfind a mutationoperatorthatacts
on thefamily of schemataitself, andhastheexactequivalenteffect.

For a concreteexample, considerthepopulationvector��!(��� ��� 
O� � � 
O� � � 
n� �?� 
n� � � 
O� �
� �À!M�n46�Ìdb
?46�×^f
�4c�Ød�
�4c� ^6
�46�×^bj6
�4c�Ød>je�
Ourfamily of schematacorresponds to themask

m1!3d%4
. Wehavealreadyseenthatthis

givesusa matrix ± � � ! µ· d�d�4 4 4�44�4~d d�4�44�4 4 4~d�d ¸¹
Multiplying

�
by this matrix givesusthedistributionof thepopulationover thefamily

of schemata: ± � � ��!M��� �c¿ 
O� � ¿ 
O� � ¿ �À!(�O4c� _c
�46� _6
?46� i[�
We now have to definea mutationoperator for this reducedsearchspace.This is given
by ± � � � !(�O4c� Õ[^f
?46� 4eic
?46� 4eik�
So our mutationoperator actingon our family of schemataconsistsof picking an el-
ementof

2>4hÖk
�d�Ök

^JÖ[5
according to theabove probability distribution andapplying it

to theelementto bemutated.Notice that in this quotient group theelement
4hÖ

is the
5 Ù
Ù
Ù in thebinarycase.Thispaperestablishestheresultmoregenerally.



identity. Constructing themutation operatorthatactson « � from this distributiongives
us ¥ � � �O���J! µ· 4c� Õ[^,4c� 4bi 46� 4ei4c� 4bi�4c� Õ[^�46� 4ei4c� 4bi�4c� 4bi 46� Õ�^ ¸¹ �
So in our example, we calculatethe effect of mutation on the family of schemataas
being µ· 4c� Õ[^#4c� 4bi�4c� 4bi4c� 4bi�4c� Õ[^,4c� 4bi4c� 4bi�4c� 4bi�4c� Õ[^ ¸¹ µ· 46� _46� _46� i ¸¹ ! µ· 46� _b4ei46� _b4ei46� _bÕ�^ ¸¹
Notice that to make this calculationwe did not needto know the detailsof the pop-
ulation

�
. We only neededto know how many elementswere in eachschema(given

by ± �
). We cancheckthis resultby working out theeffect of mutation on thewhole

populationandthensumming overtheschemata.Theimplicit parallelismtheoremtells
usthatwewill getexactly thesameresult.

5 Implicit parallelism and fitness-basedselection

It wouldbeespeciallyusefulif, in thecommutativediagramabove, Å couldbegener-
alizedto Ú sotheeffectsof selectioncouldbeincorporated. For proportional selection
at least,Vosehaspointedout thedifficultiesinvolvedandconcludedthatsuchcommu-
tativity is in generalnot possible[Vose,1999]. In anattemptto forcecommutativity, a
selectionschemeÛ � mightbedefinedon thequotient byÛ � � ± �I�J! ±8Û �E���
Theproblemhereis that Û � is notwell defined; theright hand sidemightdependonthe
particular

�
involvedeventhough theleft handsidedoesnot(i.e.,evenif ± �

doesnot).
In anattemptto ignore this complication, onemight definea “fitnessvector” Ü � (over� � ) for which Û � � ± �I�J! diag

� Ü � � ± �ÜIÝ� ± �
Sincethe complication cannot be ignored, the vector Ü � mustdependon

�
. If Ü � is

definedas Ü � !
diag

� ± ��� � � ± diag
� Ü �k�

then Ü Ý� ± �/!a� + � ± ��� � �+ � ± diag
� Ü �f��� + � ± ��� +!a� + � ± diag

� Ü �k��� +!a� 0 �
diag

� Ü �k�I� 0! Ü Ý �



Therefore,by wayof notational sleightof hand,

Û � � ± �I�J! diag
� Ü � � ± �Ü Ý �! diag
�
diag

� ± �I� � � ± diag
� Ü �k��� ± �Ü Ý �! ± diag

� Ü �k�Ü Ý �! ±ÏÛ �E�I�
Of course,this definition for Ü � is preciselythe onegiven in the “schematheorem”
[Holland, 1975]. Usingthis definition, onecoulddefineÚ � ! Å � ÆhÛ �
andappeal to implicit parallelism to conclude±�Ú �O���J! ±|ÅÞÆhÛ �E�I�J! Å � Æt±�ÆJÛ �O���J! Å � ÆhÛ � � ± ���h! Ú � � ± ���
thereby“extending” implicit parallelismfrom Å to Ú . Unlike Holland’s result, the
relation ±|Ú �O���h! Ú � � ± ���

– is anequalitywhich in every caseprovidesnonvacuousinformation,
– sayssomething nontrivial aboutnew elementsproducedby mixing,
– makesexplicit therelationships betweenthegeneticoperatorsandtheunderlying

group structure of thesearchspace.

However, it shouldbenotedthatbecause Ü � dependson
�
, the“extension”±�Ú �O���J! Ú � � ± ���

speaksonly to whathappensover a singletime step(like Holland’s result)andthein-
formation provided is insufficient to characterize the next generation(even in « � ). In
particular, it cannot beusedto mapout population trajectories,andit certainlycannot
be usedto justify talk of “above average fitnessbuilding blocks being selectedexpo-
nentially”. The “fitness” of schematacannot be well-defined(it is not an attribute of
schemata± �

, but is determinedinsteadby
�
). Thevarious claimsabout GAs thatare

traditionally madeunder the nameof the building block hypothesishave, to date,no
basisin theory, and,in somecases,aresimply incoherent.Oneexception is whenthe
fitnessfunctionis aconstantfor eachschemaof aschemafamily (in whichcasethere-
mainingconstituents areredundant). Otherwise,onemusttake account of thefactthat
schemata“fitnesses”aredynamicquantitiesthatchange from populationto population
(see[StephensandWaelbroeck,1999] for sucha view of the building block hypothe-
sis). Moreover, the fitnessof sucha “building block” at a given time depends on the
entiremicroscopic structureof thepopulationat thattime.



Example

Considerthefamily of schemata
4kÖ

,
dgÖ

,
^�Ö

on thesearchspace
�3! R � H/R � . Let the

fitnessvectorbe Ü !3� Üb�?� 
 Ü>� � 
 Ü � � 
 Ü ��� 
 Ü � � 
 Ü �]� � . Then Ü � canbecalculatedas:

Ü � ! µß·�à U�U?á�U�U â à U Z á%U Zá�U�U â*á%U Zà Z U?á Z U â à ZnZ á ZnZá Z U â*á Z�Zà	ã U?á ã U â à ã Z á ã Zá ã U â*á ã Z
¸�ä¹

We canverify that Û � � ± ���J! ±8Û �O���
.

Û � � ± ���J! µß·�à UnU?á�U�U â à U Z á%U Zá�U�U â}á�U Z 4 44 à Z U á Z U â à Z�Z á Z�Zá Z U?â*á ZnZ 44 4 à ã U á ã U â à ã Z á ã Zá ã U â*á ã Z
¸ ä¹ µ· � �?�t� � � �� � �t� � �?�� � �t� � �]�

¸¹ ! ±8Û �O���
Noticethatthefitnessof aschemadependsonthedetailsof thewholepopulation

�
andnot juston thecorrespondingschematafamily.

6 Conclusions

This paperhasdevelopeda framework for the theory of geneticalgorithms thatusea
fixed-lengthstringrepresentationwherethecardinality of thealphabetateachstringpo-
sitionis arbitrary. Structuralcrossover andmutation represent thenatural waysto define
crossover andmutation in this framework. An implicit paralllelismis proved.This the-
oremstatesthatstructuralcrossover andmutation project naturallyontoall competing
familiesof schemata.This kind of projectiondoesnot work for proportional selection
except whenfitnessis constantoneachschemaof thefamily. An exactequationwhich
generalizestheHollandSchematheorem canbeproved,but like theHollandSchema
theorem, it cannot beappliedin realisticsituationsfor morethanonetime step.
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